The measurements of the 21 cm brightness temperature fluctuations from the neutral hydrogen at the epoch of reionization (EoR) should inaugurate the next generation of cosmological observables. In this respect, many works have concentrated on the disambiguation of the cosmological signals from the dominant reionization foregrounds. However, even after perfect foregrounds removal, our ignorance on the background reionization history can significantly affect the cosmological parameter estimation. In particular, the interdependence between the hydrogen ionized fraction, the baryon density and the optical depth to the redshift of observation induce non-trivial degeneracies between the cosmological parameters that have not been considered so far. Using a simple, but consistent, reionization model, we revisit their expected constraints for a futuristic giant 21 cm omniscope by using for the first time Monte-Carlo-Markov-Chains (MCMC) methods on multi-redshift full sky simulated data. Our results agree well with the usual Fisher matrix analysis on the three-dimensional flat sky power spectrum but only when the above-mentioned degeneracies are kept under control. In the opposite situation, Fisher results can be inaccurate. We show that these conditions can be fulfilled by combining Cosmic Microwave Background measurements with multiple observation redshifts probing the beginning of EoR. This allows a precise reconstruction of the total optical depth, reionization duration and maximal spin temperature. Finally, we discuss the robustness of these results in presence of unresolved ionizing sources. Although most of the standard cosmological parameters remain weakly affected, we find a significant degradation of the background reionization parameter estimation in presence of nuisance ionizing sources.
The measurements of the 21 cm brightness temperature fluctuations from the neutral hydrogen at the epoch of reionization (EoR) should inaugurate the next generation of cosmological observables. In this respect, many works have concentrated on the disambiguation of the cosmological signals from the dominant reionization foregrounds. However, even after perfect foregrounds removal, our ignorance on the background reionization history can significantly affect the cosmological parameter estimation. In particular, the interdependence between the hydrogen ionized fraction, the baryon density and the optical depth to the redshift of observation induce non-trivial degeneracies between the cosmological parameters that have not been considered so far. Using a simple, but consistent, reionization model, we revisit their expected constraints for a futuristic giant 21 cm omniscope by using for the first time Monte-Carlo-Markov-Chains (MCMC) methods on multi-redshift full sky simulated data. Our results agree well with the usual Fisher matrix analysis on the three-dimensional flat sky power spectrum but only when the above-mentioned degeneracies are kept under control. In the opposite situation, Fisher results can be inaccurate. We show that these conditions can be fulfilled by combining Cosmic Microwave Background measurements with multiple observation redshifts probing the beginning of EoR. This allows a precise reconstruction of the total optical depth, reionization duration and maximal spin temperature. Finally, we discuss the robustness of these results in presence of unresolved ionizing sources. Although most of the standard cosmological parameters remain weakly affected, we find a significant degradation of the background reionization parameter estimation in presence of nuisance ionizing sources. 
I. INTRODUCTION
Among the next generation of cosmological probes, interferometric radio telescopes observing the redshifted 21 cm line associated with the hyperfine transitions of neutral hydrogen atoms have attracted a lot of attention (see Refs. [1] [2] [3] [4] for reviews). These telescopes are revolutionary in their design as in the proposed Fast Fourier Transform Telescope (FFTT) which is conceptually an all digital antennas array imaging the whole visible sky at once [5] . Images would then be reconstructed by a two-dimensional fast Fourier transform over the N antennas signal, i.e. in N ln N operations. As argued in Ref. [6] , compared to the required N 2 pairing in traditional interferometers, the gain could be used to scale up the telescope size and sensitivity thereby allowing measurements of cosmological signals. The first generation of such telescopes is under deployment [7] [8] [9] [10] [11] [12] [13] . Although not designed for cosmological purposes, they aim at detecting a cosmological signal from the epoch of reionization [14] [15] [16] [17] [18] [19] [20] . It is still a matter of active research to know if the signal coming from the astrophysical foregrounds can be properly separated from the cosmological one [21] [22] [23] [24] [25] . One should indeed keep in mind that the former is actually a few order of magnitude stronger than the latter and this has triggered interests into the cross-correlation of the 21 cm signal with much cleaner data such as the Cosmic Microwave Background (CMB) or galaxy surveys [26] [27] [28] [29] [30] .
The physical origin of the cosmological 21 cm radiation lies in the differential cooling induced by the expansion of the universe on relativistic and non-relativistic gases. After recombination, one would naively expects the temperature of neutral hydrogen T gas to decrease in 1/a 2 , where a is the Friedmann-Lemaître-Robertson-Walker (FLRW) scale factor, which is faster than the radiation temperature T rad scaling as 1/a. As a result, the neutral hydrogen gas becomes cool enough to be able to absorb CMB photons by a spin flip hyperfine transition at a wavelength of 21 cm. Tuning a radio-telescope at the corresponding redshifted frequency allows, in principle, to probe the density fluctuations of neutral hydrogen over the sky and at any redshift, hence the so-called cosmological tomography [31, 32] . In reality, the situation is a bit more complex and one has to take into account the evolution of the Boltzmann distribution of neutral hydrogen due to the collisions with the residual electrons, protons and absorption versus stimulated emission of CMB photons [33] [34] [35] [36] . The background evolution can nevertheless be numerically derived and we have plotted in Fig. 1 the resulting brightness temperature evolution.
For an assumed generic set of cosmological parameters, taken from the Wilkinson Microwave Anisotropies Probe (WMAP) seven year data [37] , the absorption is maximal around a redshift of z ≃ 10 2 . Notice that at lower redshifts, the spin temperature is driven again towards the photon temperature and the signal vanishes till the epoch of reionization (EoR). The evolution of neutral hydrogen density fluctuations can similarly been predicted during the dark ages by using the theory of cosmological perturbations [38] [39] [40] . Provided the length scales of interest remain in the linear regime, the theoretical predictions for the 21 cm power spectra are neat [41] [42] [43] [44] . Being threedimensional in nature, the information content is huge and have been used to forecast constraints on various cosmological models such as non-Gaussianities [45] [46] [47] , cosmic strings [48] [49] [50] [51] , dark matter signatures [52] [53] [54] [55] [56] , modified gravity [57] or inflation [58] [59] [60] [61] .
As already mentioned, in addition to have a small amplitude compared to foregrounds, the dark ages signal is redshifted to wavelengths of typically twenty meters and it is not obvious that it may actually be used for cosmology in a foreseeable future. One very futuristic approach would be to build those radio-telescopes on the Moon [62] . A more reasonable approach is the possibility to probe the hydrogen density fluctuations with the 21 cm line at the epoch of reionization [63] [64] [65] . This time, the exciting photons are coming from reionization sources (stars or quasars) instead of the CMB and are expected to produce an efficient spin states population inversion. This results into T s ≫ T rad and generates an emission line at a much smaller redshifted wavelength. We have plotted the expected evolution of the brightness temperature during the epoch of reionization in Fig. 2 , for a simple reionization model that we describe in Sec. II B.
The resulting signal is around 25 mK in amplitude, which is of the same order than those coming from the dark ages, but at a higher frequency thereby rendering its detection more likely. However, the theoretical predictions are now far less neat due to the additional astrophysical uncertainties associated with the way reionization proceeds [66, 67] . However since 21 cm data are three-dimensional by nature, it has been shown in Refs. [68, 69] that the redshift evolution could be used to efficiently eliminate the expected foregrounds while still keeping some of the so-called longitudinal modes for cosmology.
Forecasting the 21 cm constraints for cosmology is usually made from Fisher matrix analysis which merely assumes the likelihood to be Gaussian around the best fit. Provided the parameters are well constrained, the method is fast and accurate [70] . However, as noted in Ref. [44] , some model parameters linked to reionization, such as the optical depth or the hydrogen ionized fraction, can be completely degenerated from the 21 cm point of view and factorize out of the Fisher matrix. In a realistic situation, this should not be the case as all reionization parameters are uniquely determined by the background reionization history. One may therefore wonder how their correlations to the standard cosmological parameters affect the forecasts.
In Refs. [20, 71] , the problem of reconstructing the background reionization history is specifically addressed in the context of future 21 cm experiments that would be devoted to the global signal, i.e. the homogeneous mode. Here, we would like to discuss this issue for the 21 cm FFTT-like experiments which are poorly, if not at all, sensitive to the constant mode. In that situation, the cosmological brightness fluctuations δT b (x, z) have simultaneously a dependence in both the background evolution and spectral shape. This question is peculiar to 21 cm observables because the homogeneous mode T b (z) depends on various cosmological parameters, and when concerned with EoR, on the reionization (see Sec.II A). Let us notice that such a situation does not occur for CMB not only because T cmb is measured, but because it is uniquely determined by Ω γ .
In this context, we would like to quantify how cosmological forecasts are affected by the background reionization history, and if it is possible for omniscopes to constrain the reionization parameters. For this purpose, we consider a giant FFTT-like ground based instrument and assume that most of the foregrounds can indeed be eliminated using redshift evolution. As a result, we will be keeping only a few redshift slices for our forecasts, eventually marginalizing over some nuisance ionization spectra modelled as in Ref. [44] . We consider a simple reionization model for which the time evolution of the spin temperature, hydrogen ionized fraction and optical depth are given as a function of some extra parameters. In this manner, it is imposed that they are intrinsically correlated by reionization physics. As already mentioned, in order to go beyond Fisher matrix, we use MCMC methods over a modified version of the CAMB 21 cm code [42, 43, 72] which includes the epoch of reionization as well as some nuisance ionization spectra. This allows us to use and compare both Fisher matrix analysis and full sky simulated data coupled to MCMC methods [73] .
The paper is organized as follow. In Sec. II, we present the reionization and telescope models used in the analysis while the forecasts methodology and results are presented in Sec. III. Starting from one redshift slice only, we show that the reionization induced degeneracies damage, and sometime prevent, the determination of some cosmological parameters, such as the baryon density. In these situations, we also find that a Fisher analysis can be inaccurate for some strongly correlated parameters. Combining a few redshifts, which sample the beginning of reionization, improves the situation but does not compete with a Planck-like CMB experiment. However, we show in Sec. III C 3, that combining 21 cm and CMB lifts almost all those degeneracies thereby improving the overall accuracy by an order of magnitude. In that situation our MCMC results match with the usual Fisher matrix analysis while the underlying reionization model can be completely determined. Finally, we show that these results may be mitigated by the presence of toy nuisance reionisation spectra.
II. REIONIZATION AND TELESCOPE MODELS
A. 21 cm signal from the EoR
Background
Assuming a small emission line profile, the 21 cm brightness temperature during the EoR and at a given observed energy ǫ is given by [42] 
where τ ǫ is the optical depth to 21 cm
All quantities are evaluated at the conformal time η = η ǫ at which ǫ = a(η ǫ )E 21 = 2πa(η ǫ ) ν 21 , ν 21 being the rest frame frequency of the 21 cm spin flip atomic transition and a is the scale factor. In the following, we use natural units k B = = c = 1. In Eq. (2), A 10 ≃ 2.869 × 10 −15 s −1 is the Einstein's coefficient of spontaneous emission, n HI (η) the density of neutral hydrogen atoms and H(η) the Hubble parameter. Introducing the neutral fraction x H ≡ n HI /(n HI + n i ), with n i the number density of ionized hydrogen, one can express the density of neutral hydrogen in terms of the cosmological parameters today as
where Y ≃ 0.24 is the helium mass fraction 1 and m H the mass of the hydrogen atom. During reionization, one assumes that T s is driven to high values due to ionizing sources [67] such that one can expand Eq. (1) in
where
In the limit T s ≫ T ǫ , T b ≃ aT ǫ . The brightness temperature is thus positive (emission line), does not depend anymore on the spin temperature and is directly proportional to x H . Up to the metric fluctuations, this is also the case for the linear perturbations δT b which directly probe the neutral hydrogen fluctuations. However, the approximation T s ≫ T ǫ cannot hold at the beginning of reionization as T s should continuously rise from the dark ages value to its maximum value deep in the reionization era. As a result, it is far from evident that there exists a redshift range for which this approximation is fully consistent. Actually, even for a spin temperature T s ∼ 10 3 K, one can check that differences at the percent level already arise between Eq. (1) and the leading term of Eq. (4). For these reasons, in this paper, we keep the complete dependence in T s and T rad and assume a simple, but consistent, model of reionization to parametrize the spin temperature evolution (see Fig. 2 and Sec. II B).
Linear perturbations
The brightness temperature fluctuations can be obtained by solving the Boltzmann equations driving the evolution of the 21 cm photons in a perturbed FLRW space-time. This has already been done by Lewis and Challinor during the dark ages in Ref. [42] . We have followed their approach while adding the contributions of the hydrogen ionized fraction perturbations coming from the reionization sources. For this purpose, we have modified the publicly available CAMB code [72, 74] and numerically solved the full Boltzmann equations incorporating all the linear order effects discussed in Ref. [42] , i.e. neglecting only anisotropies higher than dipole photon ones and any broadening of the emission line profile. The multipoles components of the 21 cm distribution function actually used in the next sections have been written down in Appendix A. In order to illustrate the physical processes at work, it is nevertheless convenient to approximate the perturbed Boltzmann distribution in the small scale limit and at leading order in τ ǫ . In the line of sight direction n, at the measured energy ǫ, one gets
where the ∆ s is monopole source
and all ∆ x ≡ δx/x stand for relative perturbations. The second term of Eq. (6) encodes the redshift distortions due to the perturbations v in the (baryonic) gas relative velocity to the observer. As shown in Ref. [42] 
where ∆ xi is the relative ionized fraction perturbation. The expression for the brightness fluctuations can be further simplified by assuming that the regime T s ≫ T rad holds at the redshift of interest. In this limit, Eq. (6) reads in Fourier space
where µ ≡ k ·n/k and T b ≡ T b /x H is the background brightness temperature if hydrogen were fully neutral, i.e. from Eq. (4) and (5)
In Eq. (9), we have introduced the perturbed quantity
where v is the Fourier transform of the radial baryon velocity. Assuming that, at EoR, we can neglect the time evolution of the gravitational potentials [39] , one can further approximate ∆ v ≃ −∆ b .
Three-dimensional power spectrum
The three-dimensional power spectrum of the brightness temperature fluctuations, P δT b , is defined via
where the brackets denote the ensemble average. One can also define
such that the isotropic real space variance simplifies to
Using Eq. (9), the power spectrum reduces to [44] 
where the (cross) power spectra are defined as in Eq. (12) between the perturbation variables ∆ b , ∆ v and ∆ xi . The key point of Eq. (15) is that the µ 4 component depends on the baryonic matter power spectrum only since P v ≃ P b , which is completely fixed by cosmology. On the contrary, the power spectra P ii (k), P vi (k) and P ib (k) are reionization dependent and considered as nuisances. As seen in Eq. (15), they appear only with an angular dependence in µ 0 or µ 2 , but not in µ 4 . This property is expected to play a crucial role in the separation of the cosmological signal from those astrophysical contaminants [75, 76] . Following these references, we can therefore define (16) such that Eq. (15) simplifies
Let us emphasize that the power spectrum P δT b (k) is not directly accessible to 21 cm experiments, i.e. one cannot directly measure the comoving position r of the signal, Fourier dual of the wave vector k. Any experiment can however determine angular separations Θ in the sky, and signal frequency differences F around any 21 cm line of redshift z. In this paper, we consider a FFTT which is designed to map an hemisphere. Following Ref. [44] , one can divide the sky into small patches for which the flat sky approximation is valid. In this limit, Θ and F in each patch are directly proportional to the variations of the comoving distances components perpendicular r ⊥ and parallel r to the line of sight with respect to the central redshift z,
Here D A stands for the angular comoving distance, given in a flat Universe by
and y(z) is the conversion factor between comoving distances and frequency intervals,
In Eq. (6), the 21 cm brightness temperature fluctuations have been obtained in terms of k while it would be more convenient to describe it in terms of Fourier duals of the frequency differences and of the angular separations denoted as u and u ⊥ respectively. Their relation to the comoving wave vector k reads
As a consequence, the observable three-dimensional power spectrum of the 21 cm brightness temperature is measured in u-space and reads
4. Angular power spectrum
Out of the flat sky approximation, one has to derive the angular power spectrum of the 21 cm brightness temperature for each observed redshift z. From an infinitely thin shell at redshift z, corresponding to the observed 21 cm energy ǫ(z), the angular power spectrum is given by [42] 
where The monopole source is still defined as in Eq. (7) with a background spin temperature that can however be driven by the new ionizing sources. Foregrounds could also be an extra source of spin temperature fluctuations [66] , but we have chosen to consider them as additional nuisance power spectra (see Sec. II B). One can recover the usual approximated results by keeping only the monopole and redshift distortion terms. In that case, the angular power spectrum simplifies to
which is the equivalent of Eq. (17) on the full sky. In the following, the full sky results are derived by using a modified version of the CAMB code [42, 72, 73] in which we have implemented the above-mentioned extra-sources associated with the EoR. This allows to integrate the complete equations of motion (see Appendix A) under a given model of reionization which is discussed in the next section. In addition, we consider the same finite width Gaussian window functions in frequency as in Ref. [42] , such that the observed angular power spectrum is actually given by their convolution with Eq. (23) . Finally, we have cross-checked our computations by comparing the modified CAMB results with an independent code directly integrating Eq. (24) . As expected, both spectra match at small angular scales and for small enough window function (see Fig. 3 ).
B. Reionization model

Background
In order to model the EoR, we consider a toy model similar to the one used for CMB data analysis [37] , namely a smooth transition from the dark ages ionized fraction to complete reionization. A similar model has also been considered for 21 cm analysis of the global reionization signal in Ref. [20, 71] . CMB polarization measurements allows to infer the value of τ , the Compton optical depth to reionization defined as
In this expression, σ T is the Thomson scattering cross section while n e stands for the number density of free electrons. As explicit in Eqs. (17) and (24), Thomson scattering at EoR affects the overall amplitude of the 21 cm power spectra through τ c (z), the optical depth to the redshift of observation. Let us stress that the latter is defined as in Eq. (25) but starting at the conformal time η ǫ . Equations (17) and (24) makes clear that, already at the background level, the 21 cm signal at EoR is strongly correlated with the total optical depth τ that can be measured in CMB experiments. In order to make the dependency explicit, we have used and extended the reionization model used in CAMB [72] . In this model, and denoting by x e ≡ n e /(n HI +n i ) the total ionized fraction 2 , reionization occurs according to
where f He ≃ 0.08 is the Helium density fraction, assumed to become firstly ionized at the same time as hydrogen 3 and doubly ionized at z = z ⋆ . The parameter ∆ reio fixes the duration of reionization while z reio refers to its central redshift. The second term encodes the complete Helium ionization and remains always very small. It has been kept only for consistency with previous CMB analysis
with the same fixed values of z ⋆ = 3.5 and ∆ ⋆ = 0.5. The last term is a constant encoding the residual ionized fraction from recombination which does not exceed a few thousandth. From Eq. (26), one immediately gets the associated optical depth by using Eq. (25) and conversely. The choice of the power 3/2 in Eq. (26) is made such that for all ∆ reio , the corresponding value of τ remains equal to the one that would be associated with an instantaneous reionization at z = z reio (see Ref. [72] ). It can be convenient to express ∆ reio in terms of redshift duration and we will use in the following the parameter ∆ z defined by
For 21 cm purpose, Eq. (26) already fixes the evolution of the hydrogen neutral and ionized fraction, respectively, as
(28) Concerning the spin temperature, since it is expected to be physically driven by ionizing sources, we have chosen a similar evolution:
The quantity T da s is the spin temperature value during the dark ages, just before reionization starts, and it is completely fixed by the cosmological model. As a result, Eq. (29) introduces only one extra-parameter, T max s , which gives the maximum spin temperature value once the universe is completely reionized. Unless specified, we assume in the following the fiducial T max s = 10000 K. Fig. 3 shows the theoretical three-dimensional and angular power spectra computed at z = 11 for the background cosmological and reionization models just described. The top curve in the bottom panel has been obtained by a direct integration of Eq. (24), i.e. including only monopole and redshift distortions. As expected, it matches in shape and amplitude with three-dimensional power spectrum (top panel). The other angular spectra have been computed with our modified version of the CAMB code and are convoluted in frequency with Gaussian window function of bandwidth B. As discussed in Ref. [42] , larger values of the bandwidth damps the overall power but allows the sampling of acoustic oscillations. In the limit B → 0, one recovers Eq. (24). Three-dimensional power spectra P δT b (k) (top) and angular power spectrum C ℓ (bottom) for an observation redshift z = 11 and assuming no foregrounds. The cosmological parameters are the ones of Sec. II B (τ = 0.088, zreio ≃ 10.54, xH ≃ 0.87, Ts ≃ 1360 K). The C ℓ are convoluted with Gaussian window functions whose standard deviation is given by the bandwidth B. Large bandwidths damp the overall power but render the acoustic oscillations visible [42] . The thin shell limit has been obtained by integrating Eq. (24).
Foregrounds
At the perturbative level, the shape and time evolution of P ib and P vb and P ii are expected to depend on the reionization details. Following Ref. [44] , we adopt a phenomenological parametrization of these power spectra as
where N ii , N ib are normalization constants and α ii , α ib , γ ii , R ii and R ib are model parameters to be adjusted to match numerical simulations [77, 78] . Since these spectra are nuisance, we moreover approximate from Eq. (11) . Taking the fiducial cosmological parameters value Ω b h 2 = 0.023, Ω dm h 2 = 0.115, h = 0.71 and τ = 0.088, the reionization model of the previous section gives z reio = 10.536 at which the hydrogen neutral fraction x H (z reio ) = 0.5.
In Table I , we give the parameters value associated with the reionization power spectra of Refs. [44, 77] at z = 11. These values will be used in the following to test the robustness of the parameter estimation with respect to the presence of extra ionizing sources. Although not rigorously correct, we assume that the redshift dependence of the ionizing power spectra is completely given by the ionized fractions x H (z) and x i (z), i.e. that the parameters of Table I remain constant during the beginning of the EoR. Notice that the ionized fraction dependency is not included in N ii and N ib such that the time evolution of the ionizing power spectra is well behaved, i.e. vanishes as soon as x i → 0.
In Fig. 4 , we have plotted these spectra for z = 11, as well as their effects on the expected three-dimensional and angular power spectrum. For this redshift, x H x i P ib dominates and reduces the overall power whereas at low redshift we would find extra power coming for the domination of x 2 i P ii .
C. Fast Fourier Transform Telescope
In this section we give the ideal characteristics chosen for the omniscope used in the following forecasts. The FFTT we are considering is in between the original design introduced in Ref. [5] and a very futuristic concept used in Ref. [59] for probing the dark ages. Detecting signals from the EoR does not require gigantic array as the redshifted 21 cm wavelength from z reio is about a two meters. However, pushing up the scale of the original FFTT concept from 1 km to 10 km would allow to probe the end of the dark ages, i.e. up to redshift 20-30. In such a design, the sensitivity to dark age signals is quite low and forecasts suggest that this would not be competitive with CMB (see Sec. III B). However, including those redshifts into a multi-redshifts analysis allows to slice in details the transition to the EoR, and as discussed in Sec. III C, allows a good inference of the background reionization properties such as duration or spin temperature evolution. 
Beam, noise and ionosphere
We consider a squared FFTT design of D = 10 km side and constituted of ten million antennas, i.e. one every three meters [5] . For simplicity, the beam is approximated by a Gaussian whose full width at half maximum is fixed to θ fw = 0.89λ/D to match the actual square aperture. In terms of multipole moments, defining
the beam function (normalized to unity for ℓ = 0) reads
For a system antenna temperature given by T sys , eventually including the effects of foregrounds removal, the induced flux density fluctuations of one receptor of collecting area A 1 have a root mean square given by [79, 80] 
Here t exp stands for the exposure time, B is the frequency bandwidth and the flux density is related to the brightness temperature by S ν = 2T b /A 1 . For aperture synthesis against N ant antennas, these fluctuations are reduced by a factor N ant (N ant − 1)/2 ≃ N ant / √ 2 corresponding to the square root of the number of simultaneous pair-wise correlations. As a result, the noise fluctuations in the brightness temperature for an array of area D
up to order one factor. The covering factor
Depending on the scanning strategy, a telescope may eventually map a solid angle Ω sky = 4πf sky larger than its instantaneous field of view Ω fov . This may be taken into account by renormalizing the exposure time by a factor Ω fov /Ω sky [5] . The angular noise power finally reads
It is well known from CMB data analysis that, for uncorrelated signal and noise, the root mean square fluctuations for the angular power spectrum are given by [82, 83] δC ℓ = 2 2ℓ + 1
The beam effects can thus be included by defining the noise angular power spectrum to be
These results also apply to the three-dimensional power spectrum. Starting from Eq. (35), the corresponding noise spectrum P noise reads
where δV = D 
Beam effects at small scales can be incorporated by multiplying this expression by exp (u 2
For forecasting, instead of applying this damping directly to the expected signal, we prefer to rescale the noise power by multiplying Eqs. (38) and (40) by A 2 iono .
Mock power spectra
The fiducial design considered in the following has a size of D = 10 km, with a covering factor of f cov = 0.1 and an exposure time of one year, t exp ≃ 3.1 × 10 7 s. The system temperature is chosen larger than its typical value, T sys = 400 K, to account for foregrounds removal [12] . For omniscope, the instantaneous field of view and sky coverage have been chosen equal to the visible sky Ω sky = Ω fov = 2π, i.e. f sky = 0.5. In Fig. 5 , we have plotted the angular power spectrum expected for such a design at various observation redshifts z.
III. FORECASTS ON COSMOLOGICAL AND REIONIZATION PARAMETERS
In order to minimize the parameter space dimensions, we consider a simple primordial power spectrum which is a power law with unobservable tensor modes. As shown below, even for vanishing ionization power spectra, FFTT alone does not constrain well the optical depth τ damaging the expected bounds on the background cosmological parameters. As one of the unconstrained parameter is the baryon density Ω b h 2 , the situation can be greatly improved by combining FFTT with CMB data. Taking four redshift slices for the FFTT and Planck-like typical CMB data, we forecast the expected errors on the cosmological parameters and show that all the parameters entering the reionization models can be inferred. At last, the impact of the ionizing power spectra are discussed. 
A. Methodology
In the following, we use both Fisher matrix analysis for the three-dimensional power spectra, and MCMC exploration of the parameter space for the angular 21 cm and CMB power spectra. This allows us to discuss how reliable are the expected constraints in presence of degeneracies.
Unless specified, our fiducial cosmological model is the one introduced in Sec. II complemented with a scalar power law primordial power spectrum P S (k) = A S (k/k * ) nS−1 , with a pivot scale k * = 0.05 Mpc −1 . The fiducial spectral index has been fixed to n S = 0.973 and the amplitude to ln(10 10 A S ) = 3.16. For convenience, we have sampled over the CMB parameter θ, the angular scale of the sound horizon at last scattering, instead of the Hubble parameter H 0 . This facilitates joint CMB and 21 cm analysis discussed later and we have checked that this does not affect significantly the forecasts for 21 cm alone.
Fisher matrix analysis
Following the standard approach, given a fiducial set of cosmological and reionization parameters {λ a }, the expected errors on FFTT measurements of the power spectrum P δT b (u) can be evaluated by using the Fisher matrix formalism [70] . Let us assume that we can compute the likelihood L, i.e. the expected distribution of the data given a certain model. The Fisher matrix approach assumes that the expected behaviour of the likelihood near the maximum is Gaussian such that its curvature alone allows to estimate errors on the parameters. The fisher information matrix is defined as
where the brackets denote an ensemble average. When all the parameters are estimated simultaneously, the marginalized error on a given parameter reads σ λa ≥ (F −1 ) aa . The Cramér-Rao inequality ("≥") emphasizes the fact that the Fisher matrix approach always gives a local optimistic estimate of the errors. It becomes an equality when the likelihood is a Gaussian around its maximum. In the following, we estimate the expected variance on the measured parameters λ a from the diagonal elements of the covariance matrix, i.e. from the inverse Fisher matrix elements
For the purpose of the Fisher matrix analysis, as already mentioned in Sec. II A 3, one can divide the sky into small patches for which the flat sky approximation is valid. Given an angular patch Θ and a frequency bin of size F , the probed comoving volume is
Following [44] , one can consider step sizes in the dual u-space, as follows
where Θ is taken to be lower than typically 1 rad and F is set by the frequency size of the redshift bin. Assuming that P δT b (u) is Gaussian distributed, we can approximate the Fisher matrix by
is the number of independent cells probed 4 for a given value of k, or equivalently of u. Notice that given Eqs. (44) and (45) , N c reduces to
In the following, we will be interested in comparing the results of the Fisher analysis on the three-dimensional power spectrum P δT b (u) to the results of a MCMC analysis which makes use of the angular power spectrum C ℓ . From our experimental design, the measured 21 cm power spectrum is however convoluted in frequency by a Gaussian window function of width B. As the result, and unless specified, we will also compute the Fisher matrices of Eq. (46) from the three dimensional power spectrum at k = 0 after a convolution with the same Gaussian window function. Compared to Ref. [44] , this allows us to consider larger redshift bins, and thus larger bandwidths, in which the power spectrum and background quantities are allowed to vary. In Ref. [44] , the FFTT was assumed to have a small bandwidth of B ≃ 0.15 MHz. Around each observation redshift, the signal on a bin of size δz ≃ 0.5 is expanded in Fourier modes u , up to u max = 2π/B. Within our approach, this Fourier expansion is now replaced by a convolution of the signal with the frequency window function associated with the mean redshift of observation. Combining multiple redshifts is still done by adding up their respective Fisher matrices.
Let us stress that when the bandwidth is small enough, there is no need for the convolution. Summing the Fisher on u running on positive and negative values with |u max | set by the frequency resolution of the experiment, i.e. the bandwidth B, gives the same result than subdividing the redshift bin in an identical number of slices to the number of parallel modes. We have cross-checked our method by using the FFTT specifications and reionization model of Ref. [44] , for which we recover the same results, in the small bandwidth limit.
Concerning the transverse modes, since the volume of the experiment is finite, only a discrete number of modes is theoretically accessible to the analysis. In Eq. (46), the sum over u ⊥ runs over positive values from u min ⊥ = 2π/Θ, to u max ⊥ ≃ 2πD/λ, the angular resolution being set by the longest baseline of the experiment, D.
Finally, let us also mention that when constructing the Fisher matrix, one has to pay a special attention to the numerical accuracy at which the power spectrum derivatives have been estimated. Indeed, the evolution of the 21 cm power spectrum with the cosmological parameters can be highly non linear and is furthermore redshift dependant. As discussed in Ref. [84] , one has to find a good compromise between small step sizes in the numerical evaluation of the derivatives and the appearance of numerical noise. For each parameter, a step size corresponding roughly to 2% of the fiducial values was found to be a good compromise. For each redshift, the power spectrum needs to be calculated for a large number of wavelength modes (typically 3000) and, in order to spare computing time, it has been interpolated using 20 k-values per unit logarithmic interval. The derivatives have been evaluated by means of a four-point method for well behaved parameters whereas for n S , A S , plus the nuisance reionization parameters N ii , R ii , α ii , γ ii , N ib , R ib and α ib , the derivatives have been determined analytically. Finally, to keep the numerical noise under control, the transfer functions have been computed using high precision settings within CAMB.
Monte-Carlo-Markov-Chains
From the mock data associated with the FFTT design of Sec. II C, forecasts can be derived through MCMC exploration of the parameter space provided one specifies the likelihood. As for the Fisher analysis, the mock data {Ĉ ℓ } are assumed to be associated with a set of fiducial parameters {λ a }. For a full sky analysis, one can show that the sampling distribution followed by the C ℓ is a gamma distribution [85] . For a cut sky, with an isotropic beam and noise, one can use the approximated likelihood [86, 87] 
(49) Here D ℓ denotes the theoretical angular power spectrum, plus noise, i.e.
associated with any tested set of parameters {λ a }. Similarly,D ℓ are the equivalent for the fiducialĈ ℓ . From our modified version of the CAMB code, and FFTT specifications, the D ℓ can be computed for any input value of the cosmological and reionization parameters {λ a }. Using MCMC sampling with the likelihood of Eq. (49) allows to extract their posterior probability distribution for a given fiducial model {λ a }. In the following, we have used a modified version of the public code CosmoMC coupled with our modified CAMB code [73] . 
B. Single redshift from dark ages
In this section, the above-described MCMC analysis is applied to one dark ages redshift z = 30. As discussed in Sec. II C, the 21 cm physics during dark ages is free of reionization uncertainties, up to the optical depth. Within our design, it has a low signal-to-noise ratio whose only interest is to exacerbate the degeneracies induced by the optical depth into the other cosmological parameters. In Fig. 6 , we have plotted the marginalized probability distribution on the cosmological parameters for the same reionization model used for CMB data analysis, namely only τ (or z reio ) is varying.
Both the primordial power spectrum amplitude A S and τ enters into the amplitude of the 21 cm signal and one expects them to be degenerated. As Fig. 6 and Fig. 7 show, these parameters are in fact mostly degenerated with Ω b h 2 . This is expected because, as can be seen in Eq. (10), the baryon density also enters into the overall amplitude of the signal. Moreover, even for a fixed τ , and fixed observation redshift z, τ c still inherits extra dependencies on the other cosmological parameters from their influence on the background evolution. As a result, all parameters end up being more or less contaminated by the reionization parameter τ , which seriously damages the expected constraints compared to a situa- tion in which τ would be perfectly known. The notable exception concerns the spectral index n S , simply because the number of modes accessible to the FFTT is large enough to detect its effect over background degeneracies, these ones affecting all modes in a smoother way. Nevertheless, the forecasts on n S do not compete with CMB bounds. Let us stress that we have used only one redshift slice to emphasize the above-mentioned degeneracies and one could add other redshifts to improve the constraints. However, for the dark ages, the signal dominates over the noise only around z ≃ 30 (see Fig. 5 ) and the above degeneracies still remain. The situation is better at EoR.
C. Epoch of reionization
The fiducial model is unchanged but the observation redshifts now probe the beginning of the EoR.
Optical depth induced degeneracies for one redshift
As for the dark ages, we have first performed our analysis for a single redshift slice z = 11, close to the maximum signal-to-noise ratio of the 10 km FFTT and sampled at B = 10 MHz. In an optimal situation, the ionizing power spectrum can be switched off and the background reionization model has only τ varying.
The MCMC forecasts are represented in Fig. 8 and Fig. 9 as one and two-dimensional posterior distributions.
As for the dark ages, the degeneracies induced by τ are still present and propagate to the other parameters as well. However, τ , A S and Ω b h 2 are now constrained. 
FIG. 8:
Expected marginalized posterior probability distributions (solid) and mean likelihood(dotted) from a single redshift observation at z = 11 (reionization). The nonGaussian posteriors and "shoulders" apparent for some parameters comes from the large correlations induced by τ (see Fig. 9 ).
This comes from the signal to noise ratio at z = 11 which is much larger than for the dark ages, but also from the stronger effects induced by τ which makes the degeneracies non-linear. As seen in Fig. 8 , the marginalized probability are non-Gaussian and distorted by their correlations. This is particularly visible in the two-dimensional likelihood in the plane (τ, Ω b h 2 ) (see Fig. 9 ). Compared to the dark ages, varying τ affects the background signal amplitude at EoR through x H and T s . Compared to previous works derived with Fisher matrix methods, our forecasts are slightly less optimistic, but as it should be clear from Fig. 9 , not including τ reduces the expected error bars on various other cosmological parameters (see below). The need of breaking degeneracies clearly suggests the inclusion of additional data, either 21 cm from other redshift slices, or CMB data.
We have also performed a Fisher matrix analysis under the same model and experimental hypothesis, both on the convoluted and non-convoluted 21 cm three-dimensional power spectra. Our results are reported in Tab. II. Without convolution, the strong degeneracy between τ and ln A S leads to a ill-conditioned Fisher matrix that can be hardly inverted. This can therefore induce important numerical errors in the forecasts. Physically, this means that one combination of parameters is completely un- constrained from the Fisher point of view: the Gaussian approximation would predict some flat directions for the likelihood. In such a situation, Fisher results can still be derived provided the problematic parameters are artificially removed to recover a well-behaved matrix.
Considering the convolution in frequency reduces the degeneracy between the parameters τ and ln A S but still does not cure the existence of flat directions. In Tab. II, we have reported the forecasts when removing either ln A S or τ from the Fisher analysis. Forecast on the other parameters can be slightly over-pessimistic compared to the MCMC. This is expected because, even with the convolution included, the Fisher results still approximate any degeneracies as linear. Fig. 9 shows that this is clearly not the case, as for instance in the plane (Ω b h 2 , τ ) where the two-sigma contour is actually multivalued. Let us notice that removing τ in the Fisher matrix yields an order of magnitude wrong prediction for ln A S , whereas removing ln A S gives a standard deviation for τ compatible with the MCMC result (see Tab. II). These observations reinforce the need of MCMC methods as soon as some degeneracies are not under control. The Fisher results are given for both the non-convoluted and convoluted power spectrum and by removing from the analysis one of the strongly degenerated parameters, either τ or ln(10 10 AS).
Multi-redshifts tomography
Still with vanishing ionizing power spectra and a reionization model having only τ varying, we can reduce the FFTT degeneracies by adding extra redshift slices. As before, we have performed MCMC analysis on the full sky mock data and Fisher matrix methods on the associated 21 cm power spectrum.
In Fig. 10 and Fig. 11 we have represented the MCMC posteriors obtained by considering two redshift slices, z = 11, z = 12, and four redshift slices z = 10, z = 11, z = 12, z = 13. The telescope is, as before, the 10 km FFTT with B = 10 MHz and all other parameters are the same.
Compared to z = 11 alone, the degeneracies have been reduced. In fact, one can check that a data analysis performed at z = 12 alone would produce similar posteriors as those obtained for z = 11 with however slightly different degeneracy directions in the parameter space. Combining both can be viewed as keeping only the intercepting probability contours of each redshift slice. For τ , the standard deviation ends up being reduced by almost a factor of two, while this is not as significant for the other parameters. Their posteriors do no longer exhibit "shoulders" or evident non-Gaussian shapes, however Fig. 11 shows that they still are correlated along some peculiar directions. Adding more redshifts again improves the situation, but the correlation trend does not disappear due to the common physical origin of all 21 cm signals at reionization. The inner red curves in Fig 10 and  Fig 11 are the same analysis performed on four redshift slices, scanning the whole reionization duration: z = 10, z = 11, z = 12 and z = 13. The standard deviations are slightly reduced, but less than the expected √ 2 factor because both z = 10 and z = 13 correspond to a low emission signal (see Fig. 5 ). Let us notice that a band- width B = 10 MHz corresponds in term of redshift to a width δz ≃ 1 (at z = 11). Requiring more redshift slices at reionization would therefore also demands a smaller bandwidth.
Let us turn now to the Fisher analysis. The forecasts for the four redshifts z = 10, z = 11, z = 12 and z = 13 and the convoluted 21 cm power spectrum are given in Tab. III. Our results agree relatively well with those from the MCMC method, even if the forecasts are found to be about 20% more stringent with the Fisher matrix analysis. We have also checked that the degeneracy directions between parameters were matching the ones obtained from the MCMC and represented in Fig. 11 .
Adding Planck-like CMB data
The previous results call for the incorporation of other cosmological data having different correlations. In the following, we incorporate CMB data and consider a typical Planck-like experiment. For our purpose, we have generated mock CMB data exactly as described in Sec. II C, but for a full sky CMB experiment (f sky = 1), with a Gaussian beam of resolution θ fw = 7
′ and a constant noise for each pixel given by δT 2 n = 2 × 10 −4 µK 2 (twice for the E-mode polarization) [88, 89] . Perform- ing a MCMC analysis with Planck-like mock data alone, and for the same fiducial parameter values, yields the posterior plotted in Fig. 12 . To ease the comparison, we have reported on the same figure the two redshifts FFTT forecasts. CMB data give much stronger constraints on Ω b h 2 , A S and θ than the considered 10 km FFTT design. This is expected because the overall amplitude of the CMB signal depends mainly on A S and not Ω b h 2 contrary to the 21 cm brightness. Concerning θ, it is an optimal parameter for CMB by design whereas H 0 shows similar posteriors for both CMB and 21 cm. Interestingly, the spectral index is, by a factor of two, more constrained by 21 cm. One can also check in Fig. 8 that this would also the case with only one observation redshift at z = 11. This is again due to the huge level arm provided by the FFTT resolution on the power spectrum shape. Moreover, Fig. 12 shows that, in spite of the degeneracies, the marginalized posterior for τ remains sharper for FFTT than for CMB. This could wrongly suggest that adding Fig. 10 ).
CMB data may not help to improve the FFTT constraints over τ . However, τ is mostly correlated with Ω b h 2 which is well bounded by CMB alone. As a result, CMB data are expected to indirectly improves the FFTT accuracy on τ .
We have checked that this is indeed the case by performing a MCMC analysis based on Planck-like CMB data together with the four redshifts FFTT data. The resulting posterior probability distributions are represented in Fig 13. The expected standard deviation on τ is reduced by an order of magnitude. In Fig. 14 , the twodimensional posterior confirms that such an improvement comes from the significant reduction in the variance of Ω b h 2 due to CMB data. For comparison, we have also reported in this figure the one-and two-sigma confidence intervals for the four redshifts FFTT alone (see Fig. 11 ). For some parameters, the improvement is such that they may lie outside the displayed plane.
The forecasts derived from the Fisher matrix are reported in Table III . As the degeneracies are even more reduced by the inclusion of CMB data, the Fisher results agree well with those from the MCMC analysis. The degeneracy axes associated with one-sigma ellipses are also found to be in agreement with the MCMC twodimensional posteriors (not represented).
As the Fisher matrix approach can be trusted in this regime, one can discuss the effect of increasing the number of modes by reducing the bandwidth. For B = 0.1 MHz, still using the same four mean redshifts, with a bin size of δz = 0.5, it is no longer necessary to include the convolution. In that case, there are about 40 parallel modes accessible along the line of sight, up to a non-linear cut-off fixed at k = 2 Mpc −1 [44] (see Tab. III). In the following sections, we relax some of the reionization assumptions and consider that duration and maximal spin temperature are no longer known.
Spin temperature evolution and reionization duration
The reionization model of the previous sections was involving an unique varying parameter τ . One may now wonder how the forecasts are affected by the reionization duration ∆ z and the maximal spin temperature T max s . Again, the fiducial model in unchanged, i.e. has∆ z = 0.5 andT max s = 10000 K. Fig. 15 and Fig. 16 show the probability distributions obtained from the MCMC exploration based on the same data, i.e. four redshifts FFTT plus CMB Planck-like The reionization model has only one varying parameter τ , the ionizing power spectra are assumed to be negligible (for the MCMC method, H0 is a derived parameter and is reported in the last column). The method refers to either MCMC (M) full sky analysis or the Fisher matrix (F) on the 21cm three-dimensional power spectrum (with convolution).
The third and sixth lines show the Fisher results (without convolution) in the small bandwidth limit B = 0.1 MHz, with δz = 0.5, for which 40 u modes would be accessible. is very sensitive to the neutral hydrogen fraction x H (z) and the value of T s (z) thereby providing accurate forecasts for the related parameters. As visible in Fig. 16 , T max s is slightly correlated with ∆ z but this is expected in view of our smooth reionization model (see Fig. 1 ). Increasing T max s at a given redshift mimics a reduction in ∆ z . The correlations remain under control because we use more than one redshift. These results also suggest that taking the asymptotic limit T s → ∞ at reionization is not always justified and throws away some potentially available information.
We find that the Fisher matrix analysis, with convolution included, does not resolve completely the degeneracy between T max s and ∆ z thereby rendering the Fisher matrix singular. As before, one needs to remove the incriminated flat directions, and we had to pull out T max s from the analysis 5 . In this case, the predicted standard deviations are in good agreement with the MCMC results, whereas larger differences between the two methods ap- 5 Removing ∆z still yields an almost singular matrix generating spurious numerical errors at inversion. . There is no loss of accuracy compared to Table. III showing that redshift tomography allows the complete reconstruction of the reionization parameters. The label "M" and "F" respectively refers to MCMC and Fisher matrix analysis (with convolution). The Fisher matrix has to be regularized at the expense of loosing information by removing one of the degenerated parameters, here T max s . pear for ∆ z . This is again not surprising because those parameters are correlated (see Fig. 16 ).
In the next section, we relax the assumption that the ionizing power spectra are negligible and consider their impact on the model parameter forecasts. while the ionizing spectra involves seven nuisance parameters Nii, αii, γii, Rii, N ib , α ib and R ib . The posteriors of Fig. 15 have been reported as dashed curves to ease comparison.
The situation is different for the background reionization parameters. The standard deviation associated with the posteriors of ∆ z and T max s is more than one order of magnitude larger than those obtained without ionizing spectra. As can be seen in Fig. 18 , the two-dimensional posteriors exhibit strong correlations between the nuisance parameters and ∆ z and T max s . This can be understood from Fig. 4 . Around the redshift of maximum sensitivity (z ≃ 11), the total ionizing spectra is dominated by P ib . Its amplitude N ib therefore affects the overall observable signal and should therefore correlate to all the other amplitude related parameters. However, since we use CMB data, the parameters Ω b h 2 and τ are relatively well constrained, independently of the values of N ib . They are therefore weakly affected by these new correlations. It remains the neutral fraction x H , which is precisely given by the background reionization history, i.e. by the value of ∆ z and T When marginalizing over the cosmological and background reionization parameters, Fig. 17 and Tab. V show that the nuisance parameters N ib , α ib and R ib can actually be inferred. This is not surprising as they encode the dominant contribution for the ionizing power spectra. On the other hand, although the posteriors of N ii , R ii , α ii and γ ii peaks at some preferred values, these are significantly biased compared to the fiducial ones. Again, this can be understood from Fig. 4 . The P ii contribution only shows up at small scales, typically ℓ 10000, where the noise power spectrum becomes of comparable amplitude to the signal (see Fig. 5 ). Unsurprisingly, the above mentioned degeneracies are problematic for a Fisher matrix analysis. As before, the only solution to render the Fisher matrix regular was to remove the parameter T max s , whereas removing ∆ z would not fix the ill-conditioning. As can be seen in Tab. V, the Fisher method (convolution included) has difficulty to reproduce all of the MCMC results accurately. For some parameters, precisely the ones which remains weakly sensitive to the ionization parameters, the Fisher forecasts match well with the MCMC. This is the case for the standard cosmological parameters (up to Ω b h 2 ). For the background reionization parameters, as for instance ∆ z , the Fisher expected variances can be out by a factor five, which slightly bias the expected variance of τ and Ω b h 2 . Table. IV for the cosmological parameters, the expected constraints on the background reionization parameter ∆z and T max s are severely damaged due to the appearance of new degeneracies (see Fig. 18 ).
Turning off T max s also kills the multi-modal behaviour of the likelihood and the Fisher results end up luckily giving the correct results for the ionizing power spectra amplitudes, N ii and N ib .
To summarize, we have found that even in presence of ionizing power spectra, combining multi-redshift FFTT data with CMB data can still be used to reconstruct the background reionization history together with the more usual set of cosmological parameters. The expected variances of the reionization parameters are nevertheless severely damaged compared to no ionizing sources.
IV. CONCLUSION
In this paper, we have quantitatively shown that omniscopes could be used to constrain the background reionization history while being not sensitive to the zero mode of the brightness temperature.
For this purpose, we have considered a simple, but consistent, reionization model completely determined by the total optical depth τ , the reionization duration ∆ z and the asymptotic spin temperature T max s . We have used both Fisher matrix approaches on the three-dimensional power spectrum and MCMC methods on full sky simulated data to forecast the expected variance of all model parameters. Our results suggest that it is crucial to combine multiple redshifts at the EoR with CMB data to keep all degeneracies under control, in particular owing to an accurate determination of Ω b h 2 . When this is not the case, we have shown that the Fisher predictions can be quite inaccurate, eventually being over-optimistic, but also over-pessimistic when the conditions for the Cramér-Rao inequalities are no longer met. For those situations, only the MCMC methods ends up being usable.
Within combined data, the perspectives are quite good as the background history can be fully reconstructed, even in the presence of correlated nuisance ionizing sources. Although we have discussed only one kind of FFTT telescopes, our results could be easily generalized to other configurations by a proper rescaling of the resolution and noise parameters of Sec. II. Still, our work would need to be extended with a more complete reionization model, eventually adjusted to numerical simulations in order to include a realistic dependence between the reionization parameters and the redshift evolution of the ionization power spectra. Another extension would be the inclusion of exotic reionization sources, such as a decaying or annihilating dark matter component.
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